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Attitude Motion in an Eccentric Orbit

D. K. ANAND,* R. S. YuHAsz,f J. M. WHISNANT/J
Johns Hopkins University, Applied Physics

Laboratory, Silver Spring, Md.

I. Introduction

IN a previous paper1 the capture and stability of a gravity-
gradient satellite in an eccentric orbit was reported. A

stroboscopic2 study of the motion at apogee was conducted
and it was shown that the satellite could be captured by
magnetically steering the satellite into the stable region.
This note reports the results of further stroboscopic as well
as analytical studies of the oscillations and stability regions
of a gravity-gradient satellite in an eccentric orbit.

II. Analysis

Satellite oscillations in the plane of an elliptic orbit are
described by3'4

e cosv)(d2<p/dv2) — 2e smv(d<p/dv)

cos<p = 2e sinv (1)

where e is the orbital eccentricity, co2 = 3[(IX — I z ) / I y ] , (p
is the pitch libration angle measured from the local vertical,
v is the true anomaly and Ix,Iy,Iz are the principle moments
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of inertia. This equation has been investigated by research-
ers using both numerical integration and phase space re-
presentations. Here we consider a perturbational technique.

The term sin<p cos<p in Eq. 1 may be expanded in a Mac-
laurin series so that the pitch equation becomes

(d2<p/dv2) + coV = 2e sin?/ + 2(d<p/dv)e sinv -

(d2<p/dv2)e cosv + f o>V + . . . (2)

If the <p3 and higher order terms are neglected then the
second-order approximation to Eq. (2) is amenable to an
analytic asymptotic treatment described by Struble.5

It is assumed that the solution can be expressed as a series
expansion in terms of the small parameter e,

<p = 6) ... (3)

where A 0fi,Ai,A%,A$ are treated as variables. The tech-
nique combines the use of variation of parameters as well
as a perturbation method with the expansion in terms of e.

The process begins by substituting Eq. (3) into the ap-
proximation to Eq. (2) and equating like powers of eccen-
tricity. This yields

[A'0 - AQ(a> - 0)2 + co2A0] cos(co*> - 0) = 0 (4a)

[A00 - 2A0(co - 6)] sin(coz> - 0) = 0 (4b)

A\ + co2^i = 2[A0 cos(co^ - 0) + 1 -

A0(co — 0) sin (COP — 0)] sinz> —

[A'0 — AQ(oo — 0)2] cos(co*> — 0) cosz> —

2Ao(u - 0)] sin(co*> - 0)

A 2 = 2

(4c)

(4d)

Since A0 and 0 determine the solution for zero eccentricity,
they are treated as constants in Eq. (4c). This allows us to
solve for AI which yields the solution to first order in eccen-
tricity. Now we substitute the results in Eq. (3) and back
in Eq. (2) and obtain a new set of variational equations
similar to Eqs. (4a) and (4b) which are now complete to second
order. The solution to these equations tells us that AQ can
be considered constant to second order (in eccentricity) but
that 0 varies as e2v. The solution to Eq. (4d) can then be

e = 0.2 00 = 0.0
——— EXACT (NUMERICAL)
___ ANALYTICAL = 0.0
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Fig. 1 Comparison of analytical and numerical solutions
of Eq. (1).
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Fig. 2a Stable regions at v = 0 for e = 0.2, co2 = 3.
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Fig. 2b) Stable regions at v = 7r/2 for e = 0.2, w2 = 3.

obtained. Substituting A2 into Eq. (3) and then into Eq. (2)
allows us to increase the order of the solution. The solution,
correct to second order in e, is:

-1.0
Fig. 2c Stable regions at v = 3ir/2 for e = 0.2, co2 = 3.

0 = 00 - [3e2vco(co2 - l)]/[4(4co2 - 1)] (5b)

Ai = 2 sim>/(w2 - 1) + [(co - 2)Br -

(co + 2)£1+]A0co/2 (5c)

A, = 3 sin2zV[(co2 - l)(co2 - 4)] + [(co - 2)(co - 3)52~ +

(co + 2)(co + 3)£2
+]40co/16 (5d)

where

By* = COS[(CO ~ 0]/(2cO =h

= constant (5a)

The pitch angle <p obtained from the above equation for e =
0.2 and co2 = 3 is compared in Fig. 1 to the value of <p ob-
tained by numerically integrating Eq. (1). The two solu-
tions are seen to agree both in phase and magnitude. It is
noted that the agreement obtained is substantially the same
as the WKBJ approximation6 to Eq. (1). However, when
<p gets larger the agreement is not sufficient for constructing
stability charts, although this analytical technique has
been used for determining regions of resonance.7

For further studies the complete nonlinear equations of
attitude motion were developed using the Lagrangian ap-
proach.1 External forces that arise from the gravitational,
magnetic, and solar environments were included in the formu-
lation. The solar effect consists of both thermal distortion of
the stabilizing booms and a radiation pressure torque on the
deformed spacecraft. The magnetic torques are represented
by a geomagnetic field model written in terms of spherical
harmonics. An analytical model for hysteretic damping
was developed and included. The equations were nu-
merically integrated and it was established that for practical
stability the satellite librations should be bounded for 75
orbits. The resulting stability charts, constructed using the
stroboscopic techniques, are shown in Fig. 2. It is noted
that the regions of stability obtained are larger than those
reported in earlier works3-4 where external forces were not
included. A large stability region facilitates the capture,
by magnetic maneuvering, since <p = — 1 is out of the stable
region for certain combinations of eccentricity and true
anomaly.
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Determination of Gravity at Apollo 14
Landing Site

JOSEPH ST. AMAND* AND KENNETH R. GOODWIN JR.*
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Introduction

DURING the flight of Apollo 14, a measurement of the
lunar gravitational field was made at the LM landing

site (Fra Mauro). Due to electrical power constraints, the
experiment was of short duration and did not interfere with
the crew's preparations for the first extra vehicular activity
(EVA) period. The measurement utilized the X-accelerom-
eter of the LM Primary Guidance Navigation and Control
System (PGNCS).1 Essential to the experiment was a
knowledge of the orientation of the LM navigation base (NB)
with respect to the local gravity vector g. This information
was obtained from the Lunar Surface Alignment Program
which preceded the experiment. This Note describes how
the information was used to determine g and how the value
so obtained compares with the values obtained from four
lunar gravity models.

Equipment

The apparatus employed to measure g consisted of two
standard pieces of Apollo equipment: the LM Inertial
Measurement Unit (IMU), and the LM Guidance Computer
(LGC).1 The IMU is a gimballed, three degree-of-freedom,
gyroscopically stabilized device. Of interest here are two
sets of coordinate axes associated with the IMU. The first is
the LM NB with unit vectors XNB, YNB, and ZNB. This

Fig. 1 Coordinate axes
pertinent to the gravity

experiment.

system is defined with respect to the LM structural body.
The second coordinate system is that of the IMU Stable
Member. This system is defined by the orientation of three
orthogonally mounted accelerometers. Let XSM, YSM, and
ZSM represent the unit vectors of this coordinate system.
The orientation of the NB with respect to the stable member
is uniquely specified by three angles: outer gimbal angle
(OGA)j inner gimbal angle (IGA); middle gimbal angle
(MGA).

More specifically, the sensor of the gravitational accelera-
tion was a Pulsed Integrating Pendulum Accelerometer
(PIPA).1 The equation governing the output of a PIPA is

a, = (l + SFEi)(AN/AT) - (1)

where: ANi = the numer of pulses from the iih accelerom-
eter during the time AT; Bi = the bias of the ^th accelerome-
ter (the acceleration indicated in a zero g environment);
SFEi = scale factor error of the iih accelerometerf; and a;
= the average acceleration sensed by the iih accelerometer
during the time AT. Because the bias is acceleration history
sensitive, the equipment was used in such a way that the un-
certainty in the bias of the X-accelerometer was inconse-
quential.

Methodology

After determining the orientation of the LM NB with re-
spect to g, the gimbal angles required to align the X-accelerom-
eter parallel and antiparallel to g (g = g/g) were calculated.
The geometry of the problem is as given in Fig. 1. It can be
shown that, given the orientation of — g with respect to the
NB, the gimbal angles required to align XSM parallel to g
(position one) are given by:

OGA, = 0.00°

IGAi = +sin-l7 + 180.00°

MGAi = -sm

(2a)

(2b)

(2c)

To position XSM antiparallel to g (position two), OGA% =
OGAi, MGA% = MGAi and the inner gimbal angle is given by

IGA2 = (3)

Here ft and 7 are the components of — g along YNB and ZNB,
respectively.

The values of ft and 7 were obtained via telemetry during
the alignment program. Then, teams at the Manned Space-
craft Center (MSC) and the Draper Laboratory used Eqs. (2)
and (3) to determine the required gimbal angles. While the
crew was engaged in EVA I preparation, the IMU was aligned
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f To convert the number of pulses from an accelerometer into a
mean acceleration, AN^/AT is ideally multiplied by a scale factor
(SF) of 1 cm/sec/pulse. However, in practice the true scale
factor is not unity and is instead given by SF = (1 + SFE)
cm/sec/pulse, where SFE is a small correction expressed in parts
per million (ppm).


